The effect of a nearby metallic particle on the quantum optical properties of a quantum particle in the four-level double Raman configuration is studied using the quantum Langevin approach. We obtain analytical expressions for the correlated quantum fields of Stokes and anti-Stokes photons emitted from the system and perform analysis on how the interparticle distance, the direction of observation or detection, the strengths of controllable laser fields, the presence of surface plasmon resonance, and the number density of the quantum particle affect the quantum spectra of the Stokes and anti-Stokes fields. We explore the physics behind the quantum-particle-metallic-nanoparticle interaction within the dipole approximation, that is, when the interparticle distance is much larger than the sizes of the particles. Our results show the dependence of the spectra on the interparticle distance in the form of oscillatory behavior with damping as the interparticle distance increases. At weaker laser fields the enhancement of quantum fields which manifests itself in the form of a Fano dip in the central peak of the spectra becomes significant. Also, the quantum-particle-metallic-nanoparticle coupling, which is affected by the size of the metallic nanoparticle and the number density of the quantum particle, changes the angular dependence of the spectra by breaking the angular rotational symmetry. In the presence of surface plasmon resonance the oscillatory dependence of the spectra on the interparticle distance and angles of observation becomes even stronger due to the plasmonic enhancement effect.
I. INTRODUCTION
In recent years, the interaction between plasmonic metallic particles and excitonic systems such as molecules [1] and quantum dots (QDs) [2] [3] [4] [5] [6] [7] has been the subject of a tremendous number of studies. Many interesting results from the strong exciton-plasmon coupling [8] have been reported, which include the nonlinear Fano effect [2, 3] , exciton-induced transparency [4] , effects on photon statistics [5] , effects on spin coupling in the presence of magnetic fields [6] , and inhibition of optical excitations and enhancement of Rabi oscillations [7] . The importance of this field of research is highlighted by its various significant applications such as in the development of biological markers [9] and nanosensors [10, 11] and in the fundamental studies on the control of emission from semiconductor nanocrystals [12] [13] [14] [15] .
Metallic nanoparticles (MPs) are particularly interesting as they are well known for their ability to support localized surface-plasmon resonances (LSPRs), i.e., collective wavelike motion of free electrons on the MP surface, which thus equips such systems with the ability to focus and confine light within subwavelength spatial regions. Such resonances can be obtained from the infrared to the visible region of the electromagnetic spectrum by a careful choice of the geometry of MP, type of metal, as well as dielectric environment. Many interesting optical phenomena such as negative refraction and extraordinary transmission through metal films with subwavelength hole arrays [16] can be attributed to LSPRs. Furthermore, MPs can enhance the fluorescence emission rate of nanocrystals [15] , increase the efficiency of photosynthesis systems [11] , and act as a nanopulse controller and functional amplifier for QDs in the presence of a coherent field [17] . The radiative rate of excitons and the nonradiative energy transfer rate can also be controlled by coherent exciton-plasmon interaction [14] .
In fact, it is the electric field enhancement induced by LSPRs [11, 14] that forms the basic foundation to all the studies mentioned above. This short-range process is one of the main reasons behind the ground-breaking and diverse applications of MPs in various fields such as in surface-enhanced Raman scattering [18, 19] , biosensing [20] , construction of optical filters and sensors [21, 22] , and subwavelength optical waveguides [23] . Another interesting phenomenon is that when MPs are brought into close proximity to each other the modes they support may interact, thereby modifying both the resonance shape and frequency of the LSPRs [24, 25] . The presence of a nearby metallic surface is known to result in the modification of the properties of LSPRs associated with MPs [26, 27] .
Previous existing works on plasmonic-excitonic interactions have not considered quantum systems in the double Raman scheme emitting correlated photons which carry novel quantum properties useful for quantum metrology [28] and ultrafast quantum information processing [29] . In this paper, we theoretically study the optical properties of a hybrid nanostructure consisting of a spherical MP of radius a in close proximity with a spherical quantum particle (QP) of radius b, as shown in Fig. 1 . We adopt a semiclassical approach which treats the MP as a classical spherical dielectric particle with dispersive dielectric function ε MP ,f (ω) and polarizability α MP ,f (ω) while the QP is treated quantum mechanically using Heisenberg-Langevin formalism. Then, we study the plasmonic enhancement effects by computing the field spectra of the nanostructure and we analyze the magnitude of this effect by studying how the spectra are affected by the proximity of the MP, r. Here, the QP is modeled as a single collective dipole, practically as a quantum dot or nanoparticle composed of a collection of atoms in the four-level double Raman configuration emitting Stokes and anti-Stokes photons with well-defined dielectric functions ε QP ,f (f ∈ s,a). The dimension of the QP here is sufficiently small such that any finite-size-related effect such as laser focusing is negligible. To give a more realistic picture of the MP spectral response we consider also the effect of spatial nonlocality [30] ; d = 2a is the diameter of the MP) as well as the retardation effect [31, 32] via correction terms in the polarizability, α MP ,f (ω).
In our model, the electromagnetic field excites the discreet transitions between the energy levels in the QP and the plasmons on the surface of the MP which provide strong continuous spectral response. A long-range Coulomb interaction exists between the MP and QP which couples the two particles and leads to excitation transfer. The theoretical treatment given in this work considers only the dipole-dipole interaction although several multipole interactions are also involved in the Coulomb coupling. This dipole approximation approach in modeling QP-MP interactions has been extensively used in the literature [2] [3] [4] [5] 7, [33] [34] [35] [36] and is valid when the sizes of both particles are much smaller than the wavelengths of the radiation fields λ s (a) a,b as well as the interparticle distance r a,b [35, 37] . Under these two conditions the dipole-dipole interaction becomes dominant, as shown in Appendix A. The advantage of this approximation is that it greatly simplifies the rigorous calculations involved without losing the essential physics behind QP-MP interaction.
This paper is organized as follows. In Sec. II, we express the scattered Stokes and anti-Stokes fields at arbitrary position R as the polarization fields from both the QP and MP. In Sec. III, we show that the scattered fields are directly dependent upon the local fields at MP and QP through the quantum coherence operators which will be computed using quantum Langevin formalism with noise operators. Then, the local Stokes and anti-Stokes electric fields at the QP and MP are evaluated in Sec. IV. We show how the local fields of the QP are coupled to the local fields of the MP. After a rather rigorous derivation we finally arrive at the analytical expressions of the scattered Stokes and anti-Stokes electric fields in Sec. V. In Sec. VI we compute the Stokes and anti-Stokes spectra at arbitrary position R. Finally in Sec. VII we analyze the dependence of the field spectra upon various parameters such as the number density, separation distance between the QP and MP, and angles of observation.
II. SCATTERED STOKES AND ANTI-STOKES FIELDS AT ARBITRARY POINT
The scattered Stokes and anti-Stokes fields at arbitrary point R = R(sin cos , sin sin , cos ) are due to the contribution from the intrinsic quantum Stokes and anti-Stokes fields emitted by the QP (independent of the MP) as well as the polarization fields from both of the particles. According to Fig. 1 , we locate the QP at the origin and the MP along the x axis with its position vector denoted by r = rx, where r is the distance of the MP from the origin. We also define the relative vector r = R − r = r r as the displacement vectors from MP to the observation point R. Hence, the scattered StokesÊ s (R) and anti-StokesÊ † a (R) fields operators at point R are written asÊ
where the subscript f = s,a refers to the Stokes and antiStokes fields, respectively. Since we model the QP and MP as dipole emitters,Ê QP ,f (R) andÊ MP ,f (r ) are the Stokes FIG. 1. Schematic showing the quantum particle (QP) near a metallic nanoparticle (MP) and the Stokes and anti-Stokes local fields. We assume that the incident pump and control laser fields are polarized along the x axis and propagate in the +z direction.
and anti-Stokes polarization fields operators from the QP and MP, respectively whileÊ f 0 (R) is the intrinsic quantum fields emitted by the QP which is independent of the exciton-plasmon coupling.
Fields emitted by a polarizing source
The scattered electric field (in frequency domain) from a polarizing source at arbitrary point R is formally given by [38] 
where I = QP or MP denotes the source particle, K =
is the wave vector, and ε ef I,f is the effective dielectric function of the source particle given by
with ε b and ε I,f as the dielectric function of the background and source particle, respectively. Since we are dealing with quantum fields (Stokes and antiStokes fields), the vectorial part of the electric field in Eq. (2) takes the operator form point along the vectors from the respective source particle (QP or MP) to the observation point R. It can be shown [36] that by using the vector triple product identity (a × b)×c =(c · a)b−(c · b)a, Eq. (4) can be further simplified intô
with the coefficients given by
The formula for the electric fields scattered from a particle within the dipole approximation is valid for any vector dipole moment over a wide range of interparticle distances through the terms A and B, provided R is larger than the dimension of the particle. The dielectric functions of the QP are related to the density matrix elements via On the other hand, the dielectric functions of the MP are described by [30] 
where ε ∞ is the dielectric function at infinity, ω p is the plasma [39, 40] is the electron relaxation rate that depends on a the radius of the MP, v F is the Fermi velocity, C is a theory-dependent quantity, β 2 = 
D+2
(for free electron gas) [30, 41] , where D is the dimension of the system (D = 3 in our case),
, and d = 2a is the diameter of the MP. The subscript f = s,a in Eq. (9) is to distinguish between the Stokes and anti-Stokes dielectric function which will be useful later when frequency shifts are introduced in the expressions for electric fields [Eqs. (33) and (34)].
Note that in Eq. (9), the phenomenological relaxation term C v F a has been added to the relaxation rate ∞ m to account for the increased electron-interface scattering when the dimension of the MP is smaller or comparable to the mean-free path of the conduction electrons, λ m . For gold, λ m is 37.7 nm at room temperature [42] and C = 0.33 [39] , whereas for silver, λ m is 53.3 nm with C = 1 [43] . Moreover, the size-dependent correction term −β 2 k 2 d has also been added in the denominator of Eq. (9) to account for the spatial nonlocality which originates from the finite penetration of the charges induced by the EM fields in the MP by an amount not negligible compared to the size of the nanostructure [44] . This effect is known to cause an effective reduction in permittivity which leads to blueshift of the spectral peak [35, 45] . Take note that all the parameters used throughout this work are for silver (Ag) nanoparticles. For this reason, we are not including the effect of interband transition on the dielectric function in Eq. (9) because for spherical silver nanoparticles such effect is not important as the energy position of the LSPR is around 3.5 eV, which does not coincide with the interband transition at around 4.0 eV [46] .
III. DEPENDENCE OF SCATTERED FIELDS ON LOCAL FIELDS
To obtain the scattered Stokes and anti-Stokes electric fields at arbitrary observation point R we substitute Eqs. (2), (5), (6) , and (7) into Eq. (1) and arrive at
In the process we have used the expressions for the quantummechanical dipole moment operator for the QP,p 
with ε MP ,f (k d ,ω) and ε b as the dielectric functions of the MP and background, respectively, and x = ka where k = 2π λ and a is the MP radius. Note that if the last two terms 2 -dependent term is added to account for the retardation effect which arises from the dephasing between the fields emitted by different parts of the MP sphere whereas the x 3 -dependent term is the radiative reaction correction which applies to any oscillating dipole [32] . These two terms can be ignored when the size of the MP is sufficiently small such that x 1.
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The matrix P I (I = QP ,MP ) in Eqs. (10) and (11) is given by
where A(R,ω) and B(R,ω) are respectively given by Eqs. (6) and (7). As before, the superscript I = QP ,MP is the label for the source particles whereas n I,q (q = x,y,z) are the Cartesian components of the unit vectors. P I (r ,ω) can be obtained by simply replacing all the R's in Eq. (13) by r . Also, according to Fig. 1 , r = R−rx.
It is obvious from Eqs. (10) and (11) that the scattered Stokes and anti-Stokes fields depend directly on the local fields at MP,Ê MP ,f , as well as the coherences operatorsσ bd andσ ca whose analytical solutions depend on the local fields at the position of QP as given in Eqs. (C5) and (C6) in Appendix C.
IV. EXACT VECTORIAL LOCAL FIELDS
In this section, we proceed to solve for the local electric fields at the QP and MP required to evaluate the scattered Stokes and anti-Stokes electric fields in Eqs. (10) and (11). Since we have only 2 particles the scatterings between the two particles lead to two coupled equations. If there were many particles, there would be multiple scattering involving many coupled equations.
A. Local fields of metallic nanoparticle
The local electric fields at the MP,Ê MP ,f (f ∈ s,a) are due to the intrinsic quantum fields (which are independent of the exciton-plasmon coupling) as well as the polarization fields from the QP. We again make use of Eq. (2) to write the local Stokes and anti-Stokes electric fields at the MP aŝ
with the definition of the matrix P(r,ω) given by
Here, the definitions for A(r,ω) and B(r,ω) are the same as in Eqs. (6) and (7) except that all the R's are replaced by r, the separation distance between the QP and MP. Note that we obtain Eq. (16) from Eq. (13) by simply taking into account the fact that both QP and MP are placed along the x axis (n QP ,x = 1,n MP ,x = −1). Equations (14) and (15) are derived by including the dipole moment operator for the QP,p QP f = ℘ fσf (f ∈ s,a) mentioned earlier which couples the local fields at the MP to the coherence operators at the QP.
B. Local fields of quantum emitter
Similarly, the local electric fields at the QPÊ QP ,f are due to the intrinsic quantum fields from the QP as well as the polarization fields from the MP. They are written aŝ
In deriving Eqs. (17) and (18) we make use of the dipole moment operator for the MP,p
MP f
= α MP ,fÊMP ,f , which couples the local fields at the QP to the local fields at the MP. Substitution of the expressions for the local fields at the MP in Eqs. (14) and (15) into Eqs. (17) and (18), respectively, yieldsÊ
where
and
The subscript g in ℘ g is defined by g(f ) = bd(s),ca(a). Note that here we apply the usual dipole approximation to the quantum fieldsÊ f 0 (0,ω)
, considering the fact that the (optical) wavelength is so much greater than the dimension of the system that the field strengths can be approximated to be spatially uniform across the QP.
V. SCATTERED STOKES AND ANTI-STOKES FIELDS: FINAL FORM
We are now in the position to search for the analytical expressions of the scattered Stokes and anti-Stokes fields given the expressions of the local fields in Eqs. (14) and (15) . The vectorial scattered Stokes and anti-Stokes fields at point R (in frequency domain) are found to bê
In order to make use of the results in Eqs. (C5) and (C6) in Appendix C, we have to compute the Fourier transformation of the slowly varying envelope fields operators [47] defined byÊ f (R,t) =Ẽ f (R,t)e −iν f t instead of the original fields operators in Eqs. (23) and (24) . The Fourier transforms of the original fields and coherences are related to their envelopes via ⎛ ⎝σ
This means that we can rewrite Eqs. (23) and (24) as
However, the solutions given in Eqs. (C5) and (C6) arê p bd (ω) andp ca (ω) instead ofp bd (ω − ν s ) andp ca (ω − ν a ). Hence, we have to shift the Fourier frequency in the entire expression and in doing so we end up with
whereD
VI. STOKES AND ANTI-STOKES FIELDS SPECTRA
The q-component spectra for the Stokes and anti-Stokes fields at position R are defined as [47] 
with
. Thus, we need to evaluate the q component of the field correlations Ê † f q (ω)Ê f q (ω) in order to search for S f q (R,ω). From Eqs. (33) and (34), we obtain
Here, M f q is the q component of the vector quantity in Eq. (25),
is the average number of thermal photons at temperature T (in kelvins), ν f (f = s,a) are the carrier frequencies of the Stokes and anti-Stokes fields, A is the effective interaction area, and Z f qm is the element of the matrix
The subscripts q and m (q,m = x,y,z) in Z f qm (ω) are related to the element of the matrix
. . , and so on. Matrix Z f actually comes from the new definition forD f q (ω) as We are now left with 6 operator products:
, and p ac (ω)D aq (ω) to be evaluated. After rather rigorous calculations, we find the atomic operator products to be
where the matrices H,J , and K are given in Appendix D. The other operator products are given by
FIG. 3. Weak, strong, and asymmetric pump and control laser fields for Stokes: Stokes spectra versus interparticle distance r for the cases of weak ( p = c = γ ac ), strong ( p = c = 15γ ac ), and asymmetric ( p = 7γ ac , c = 3γ ac ) pump and control laser fields with initial conditionρ bb (0) =ρ cc (0) = 0.5. We compare between the spectra for the case with SPR (ω ac = ω SP R ) and the case without SPR (ω ac = ω SP R ). The x-and y-component spectra are combined into one plot asS sq (q = x,y) due to their similarity. The metallic nanoparticle radius considered here is a = 50 nm. All other parameters are the same as in Fig. 2. where R a = q g aq R aq (ω + ν a ),R s = q g sq R sq (ω+ν s ), and the other two terms can be obtained as
The solutions for the field-atomic operator products (such as
VII. RESULTS AND DISCUSSION
We study the optical properties of a hybrid nanostructure comprising a plasmonic MP and a QP in a four-level double Raman scheme from the spectra of the scattered quantum (Stokes and anti-Stokes) fields. The Stokes and anti-Stokes field spectra are plotted in Figs. 2-8 , showing how the spectra change with the separation distance r between QP and MP, observation angles and , and number density N . For computation purposes, we plot the dimensionless q-component (q = x,y,z) Stokes and anti-Stokes spectrā S s(a)q = S s(a)q R 6 K 2 |℘ bd(ca) | 2 instead of the original spectra for clarity. We also numerically normalize the spectra by dividing all the values in the spectra by the maximum value attained by the z-component spectra, so that all the peaks values are on the order of 1-100. This allows clearer presentation of the results and, at the same time, comparison between different components of the spectra.
In this paper, we fix the radius of the MP to be a = 50 nm and 70 nm (to compare the spectra between the two values) and the radius of the QP to be b = 10 nm [48] (in other similar studies the radii values are even smaller, about a = 5 nm and b = 1.5 − 2.0 nm [49] ), all of which are much smaller than the wavelength of the Stokes (λ db = 632.10 nm) and anti-Stokes (λ ac = 570.07 nm) fields, thus fulfilling the condition for dipole approximation λ a,b. With such large size of MP the retardation effect which causes redshift of the plasmon resonance peak could be important. In fact, our simulations (not shown here) show that for a > 10 nm the retardation effect is significant. Our model here takes into account not only the retardation effect via the two correction terms . Although based on our simulations the nonlocal effect is only significant FIG. 4 . Weak, strong, and asymmetric pump and control laser fields for anti-Stokes: Anti-Stokes spectra versus interparticle distance r for the cases of weak ( p = c = γ ac ), strong ( p = c = 15γ ac ), and asymmetric ( p = 7γ ac , c = 3γ ac ) pump and control laser fields with initial conditionρ bb (0) =ρ cc (0) = 0.5. We compare between the spectra for the case with SPR (ω ac = ω SP R ) and the case without SPR (ω ac = ω SP R ). The x-and y-component spectra are combined into one plot asS aq (q = x,y) due to their similarity. The metallic nanoparticle radius considered here is a = 50 nm. All other parameters are the same as in Fig. 2. for a < 14 nm we are including it here for the sake of completeness. Also, in Figs. 2-4 we start the plots from the minimum interparticle distance of r = 1000 nm (k 0 r 11, where k 0 = ω ac /c) so as to fulfill the condition r a,b for the validity of dipole approximation. Unless stated otherwise, the range of number density considered in this study is 2.39 × 10 23 m −3 < N < 5.01 × 10 25 m −3 . Here, the minimum density is obtained based on the requirement that it must consist of at least one atom in the QP volume whereas the maximum density is the highest density below which the collective effects can be ignored, based on the simulation results of Eq. (39) in Ref. [50] which characterizes the collective interactions between atoms.
We highlight below the main results from the spectra based on how they are affected by various parameters.
A. Effects of laser field strengths
We study the Stokes and anti-Stokes spectra for various cases of resonant laser fields: (i) Raman electromagnetically induced transparency (EIT) utilizing the system associated with the Stokes field as the three-level EIT system, (ii) weak symmetric laser fields, (iii) strong symmetric laser fields, and (iv) asymmetric laser fields. For all these cases we use the value of number density N = 2.52 × 10 25 m −3 which is the middle value of the range of number densities mentioned above. This value of N corresponds to about 105 atoms within the QP volume. Since both the x-and y-component Stokes and antiStokes spectra for all cases of resonant laser fields exhibit exactly the same features across the interparticle distance r, we combine both spectra into one plot asS f q (q = x,y) in Figs. 2-4 . The similarity between the x-and y-component spectra across r is a result of our choice of observation angles, = = 0 • . In the Raman-EIT case (see Fig. 2 ), the Stokes field acts as the weak probe field while the strong coherent laser field is the pump p field. For the first time, we can see how the famous EIT spectra (and other cases of resonant laser fields) are affected by the MP, in particular the oscillations of the two peaks and the "breathing" feature of the peaks with varying interparticle distance r.
The other cases of laser excitations (Figs. 3 and 4) exhibit spectra with typical features of the QP in the double Raman configuration which serve not only to show the correctness of the results but also contain the physics of strong quantum fields resulting from the influence of the MP. When both pump and control laser fields strengths are the same and weak ( p = c = γ ac ), the side peaks at ±( p + c ) = ±2γ ac remain for the Stokes and anti-Stokes spectra. However, surprisingly for the Stokes spectra, there is a Fano dip at the higher central peak, creating two peaks at ±0.25γ ac while for anti-Stokes the central peak is completely absent. This Fano dip and absence of central peak can be interpreted as quenching due to enhancement of the quantum Stokes and anti-Stokes fields by the MP to the extent where the pump and control laser fields become weaker or comparable to the quantum fields. While the dip can be observed in the case of weak laser fields, such is not the case when the laser fields become sufficiently large ( p = c = 15γ ac ). When both pump and control laser fields have strong symmetric fields strength Mollow triplets become clearly visible for the Stokes and anti-Stokes spectra. Surprisingly, the middle peak for the anti-Stokes spectra is much smaller than the side peaks as it has been almost completely suppressed or quenched by the enhanced anti-Stokes field under the influence of the MP. Figure 5 shows that as the pump and control laser fields strength increases, the Fano dip at the central peak of the Stokes spectra (blue continuous line) becomes less significant and the usual central peak slowly recovers. Also from Fig. 5 we can observe that for weaker laser fields strengths small additional peaks exist between the central and side peaks of the Stokes spectra. These unexpected extra peaks are due to additional ac Stark shifts induced by the enhanced Stokes field which has greater or comparable strength as compared to the input laser fields. These additional peaks become insignificant when the laser fields become stronger such that the ac Stark shift (Mollow triplets) caused by the laser fields becomes dominant. Similar features are found in anti-Stokes spectra (red dashed line in Fig. 5 ) except that the central peaks are suppressed even further. Autler-Townes splittings are also evident in the spectra for the case where the laser fields are asymmetric ( p = 7γ ac , c = 3γ ac ), with four strong resonant peaks at −( p + c ), − | p − c |,| p − c |, and p + c , but with the two inner peaks suppressed in the anti-Stokes spectra. As expected, the separation between the side peaks increases as the laser strengths increase due to stronger ac Stark shift.
B. Effects of interparticle distance
Here we analyze Figs. 2-4 to study the effects of interparticle distance r between the QP and MP on the spectra. The profile of the spectra across the frequency range does not change with r. The main feature on the r dependency is the oscillations in the spectra with period of k 0 r = 2π , due to the interference effect of the fields from the two particles. Since the Stokes and anti-Stokes fields in Eqs. (33) and (34) comprise the scattered fields from both the QP and MP, the crests and troughs on the peaks correspond respectively to the constructive and destructive interference between the fields from both particles. What is interesting here is that the interference between the fields is correlated to the interparticle distance in a periodic manner, with certain values of r giving constructive interference and other values resulting in destructive interference. This is likened to a cavity effect formed by two particles close to each other that dictates the phases of the fields scattered from both particles which will then determine the outcome of the interference at point R. At small r, the stronger interference between the polarization fields from the QP and MP leads to larger amplitude of oscillations of the spectral peaks. The oscillations in the spectra experience damping as r increases and eventually die off at large separation distance, where the interference effect is less significant, as clearly shown in the bottom-right top-view plot FIG. 5 . Symmetric pump and control laser fields: x-component Stokes (blue continuous line) and anti-Stokes (red dashed line) spectra at k 0 r = 15 for the case of symmetric pump and control laser fields ( p = c ) with initial conditionρ bb (0) =ρ cc (0) = 0.5. We compare among the spectra for four different cases of laser fields strengths. The metallic nanoparticle radius considered here is a = 50 nm and SPR is absent (ω ac = ω SP R ). All other parameters are the same as in Fig. 2. in Fig. 2 for the case a = 70 nm in the Stokes-EIT scheme. The same oscillatory behavior applies to all cases of laser strengths including EIT. At k 0 r > 50, the spectra for all the cases of laser strengths resemble that of the case for a single QP in the absence of MP.
In Figs. 3 and 4 we can observe that for the case without surface plasmon resonance (SPR) (ω ac = ω SP R ), the x-and y-component spectra actually also contain oscillations across k 0 r but appear less visible than the z-component spectra which show the oscillations more clearly. This is because the z-component spectrum is 40 to 50 times lower in magnitude [due to the nonvanishing B(R,ω) in Eq. (13)] compared to the other two components, hence causing the oscillations across k 0 r to have higher visibility. This is also due to our choice of angles of observation = = 0
• which causes n I,x = n I,y = 0 and n I,z = 0, thus leading to stronger dependence on r [via the nonvanishing B(R,ω)] for the z-component field as compared to the x and y components [with vanishing B(R,ω)]. Our simulations (not shown here) reveal that if we choose other values of angles of observation, for example, = = 45
• , the oscillations can be seen more clearly in the x-and y-component spectra which now have magnitudes comparable to the z component.
For the case with SPR (ω ac = ω SP R ), all three component spectra exhibit visible oscillations across k 0 r due to the plasmonic enhancement effect which will be discussed later.
C. Effects of MP size
We can observe from Fig. 2 that the oscillations in the spectra are stronger for the case where a = 70 nm. In fact, our results show that the interference effect for all cases of resonant laser fields becomes more significant as the size of MP gets larger. This phenomenon can be explained by referring to the polarizability term, α MP ,f = 1 K γ f a 3 , which carries a cubic dependence on the radius a of the MP. This term characterizes the dynamical response of the MP to the external fields (polarization fields from the QP), particularly the ability of the particle to form dipoles which will then take part in the long-range Coulomb interaction responsible for the QP-MP coupling. The cubic dependence of α MP ,f on a implies that larger MP will give stronger response and thus stronger long-range Coulomb interaction between the two particles which manifests itself in the form of oscillatory behavior of the spectral peaks across k 0 r. This explains the stronger oscillations in the spectra for larger MP size. Our simulations (not shown here) show that the spectra start to exhibit little oscillations at around a = 25 nm and the oscillations become stronger as a increases.
D. Effects of surface plasmon resonance (SPR)
In order to observe strong plasmonic enhancement effect we have to make sure that the SPR condition is fulfilled, that is, when the factor γ f in Eq. (12) is maximum. This occurs at the SPR frequency given by
where in deriving Eq. (47) Figs. 3 and 4 we study the plasmonic enhancement effect on the Stokes and anti-Stokes spectra for different cases of resonant laser fields by setting ω ac = ω SP R . Comparison between the spectra for the case with and without SPR in Figs. 3 and 4 reveals that the oscillations of the spectra across k 0 r become much stronger in the presence of SPR for all three cases of resonant laser fields. This enhanced oscillation is the result of the plasmonic enhancement effect which enhances the local Stokes fields at the QP and MP, leading to stronger interference between the quantum fields from both particles.
E. Angular and directional dependence
The spectra also depend on the observation angles and as shown in Figs. 6 and 7 for the Stokes field under the case of strong symmetric laser field. Both Stokes and anti-Stokes spectra show the same angular dependence for all cases of laser strengths so it is trivial to show both. The angular dependence of the spectra lies entirely in the q-component unit vectors n I,q in Eq. (13) which is uncorrelated with any frequencydependent terms. This explains why only the magnitude of the spectra changes with and , while the spectral positions of the resonant peaks remain invariant. The variation of the spectra across the observation angles occurs in the form of oscillatory behavior which is due to either the sine and cosine terms in n I,q or the interference between the polarization fields from the QP and MP. For the discussion of variation of spectra across observation angles we refer mainly to the case a = 70 nm because for the case a = 50 nm, the dependence of the spectra on observation angles is not clearly visible (not shown here) due to the weaker QP-MP coupling.
We can see from Figs. 6 and 7 some interesting results such as the variation of the spectra across and that strongly depends on the interparticle distance r. In Fig. 6 where we set = 90
• (x-y plane), there is a dependence of all x,y,z components of the spectra on at small k 0 r, regardless of whether SPR is present or not. At k 0 r = 12, the z-component spectral peaks are maximum only at one angle = 0 • or 360
• . But at larger k 0 r, the dependence of the z-component spectra on slowly disappears and only the x-and y-component spectra depend on . The z-component spectrum is supposed to be invariant by rotation over on the x-y plane because at = 0 • ,n I,z = 0 and the z-component spectrum whose angular dependence relies entirely on the three terms in the third row of matrix P I in Eq. (13) eventually loses its dependence. Hence, the result for k 0 r = 12 shows that the interference effect caused by the presence of MP is causing the oscillations in the z-component spectra, despite being perpendicular to the plane of rotation (x-y plane of observation). This shows that the influence of MP breaks the azimuthal rotational symmetry. At large k 0 r, the interference across on the x-y plane becomes insignificant; i.e., the angular dependence ceases for the z-component field • (x-y plane). We compare between the spectra for the case with SPR (ω ac = ω SP R ) and the case without SPR (ω ac = ω SP R ). The metallic nanoparticle radius considered here is a = 70 nm. All other parameters are the same as in Fig. 2. because the MP is too far from the QP to exert any significant influence on the fields scattered from the QP. Notice that the x-component spectrum vanishes at = 0
• ,180
• (peaks at = 90
• and 270
• ) due to the transversality of the fields. Similar argument can be used to explain the results in Fig. 7 when we set = 0
• (x-z plane) and allow the spectra to vary with . This time, it is the y-component spectrum that is supposed to show invariance across because the y-component field, whose angular dependence lies in the terms in the second row of matrix P I , loses its dependence on since at = 0 • ,n I,y = 0. However, at small k 0 r, the y-component field shows angular dependence on with maximum around = 180
• as the influence of the MP has broken the rotational symmetry. As r increases, the MP loses FIG. 7 . Angular dependence: Stokes spectra versus for the case of strong symmetric pump and control laser fields ( p = c = 15γ ac ) with initial conditionρ bb (0) =ρ cc (0) = 0.5 at two different interparticle distances k 0 r = 12 and 30. We compare between the spectra for the case with SPR (ω ac = ω SP R ) and the case without SPR (ω ac = ω SP R ). The metallic nanoparticle radius considered here is a = 70 nm. All other parameters are the same as in Fig. 2 .
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its influence on the QP and thus the y-component spectrum shows invariance across (absence of oscillations) due to rotational symmetry, as it is perpendicular to the x-z plane of observation. Here, the z component vanishes at = 0
• and 180
• . Our simulations (not shown here) also reveal that when we set = 90
• (y-z plane), it is the x component spectrum that is invariant across at large r.
We can also observe in Figs. 6 and 7 that when the SPR condition is fulfilled (ω ac = ω SP R ), the oscillations of the z-component spectrum across in Fig. 6 and the y-component spectrum across in Fig. 7 become stronger, indicating stronger directional dependence of the spectra. This is again due to the plasmonic enhancement of the local quantum fields caused by the MP, thus leading to stronger interference effect which manifests itself in the form of oscillations across the observation angles. Moreover, a closer look at Figs. 6 and 7 also tells us that the angular dependence of the spectra under the SPR condition is visible up to large interparticle distance, i.e., k 0 r = 30, as can be observed in the small oscillations of the z-component spectral peaks in Fig. 6 and the y-component spectral peaks in Fig. 7 . This shows the long-range influence of the plasmonic enhancement of the MP on the QP which is not found in cases without SPR.
The magnitudes of the spectra in Figure 6 shows no contradiction since = 90
• and not 0
• . Also, note that the magnitudes shown in the figures are not absolute values of the spectra but values relative to the normalized z-component spectra as explained in the first paragraph of this section. These explain why the magnitudes of all the three components of the spectra in Figs. 6 and 7 have the highest values of ∼ 1; i.e., the magnitudes of the highest peaks in all three components are comparable. To see the reason behind this we focus on the Stokes spectra (for the case k 0 r = 30 and ω ac = ω SP R ) in Fig. 6 , where = 90
• . We can see that the x-and z-component spectra are maximum at the angle = 90
• due to the vanishing B(R,ω) in Eq. (13) (as a result of n I,x = n I,z = 0,n I,y = 0) whereas the y-component spectrum is minimum at this angular position [due to the nonvanishing B (R,ω) ]. On the other hand, at = 180
• , where n I,y = n I,z = 0,n I,x = 0, it is the y-and z-component spectra that are maximum and the x-component spectrum becomes minimum, also due to the vanishing and nonvanishing of B(R,ω), respectively. Since each component achieves maximum value at certain values of by a similar factor, i.e., vanishing B(R,ω), it is no surprise that the highest peaks in each component of the Stokes spectra are comparable in magnitude. This leads to the peak magnitude ∼1 of all three components of the spectra in Fig. 6 . Similar reasoning can be applied to explain the maximum magnitude of all three components of the spectra in Fig. 7 .
F. Effects of number density
As mentioned in the second paragraph of this section the collective effect is ignored in Figs. 2-7 we need to include the collective effect between the atoms in the QP. We do so by replacing the spontaneous emission rates x (x = ab,ac,db.dc) in Appendix B by the collective spontaneous emission rates x given by [50] ,
Here, k x = ω x /c and r ij = N −1/3 is the distance between the ith and j th atom (interatomic distance). We assume a heavyhole exciton in the QP which gives us the value (μ ·r ij ) 2 = 1/2 [51] . In studying the dependence of the spectra on number density we also consider a larger size of QP so that the minimum number density can be lowered down to 10 20 m −3 . We assume the radius of the QP to be b = 134 nm so that the entire QP volume contains at least one atom at the minimum number density of N = 10 20 m −3 . This value of b still fulfills the condition for the validity of dipole approximation λ b FIG. 8 . Variation with number density N : x-component Stokes spectra in log scale versus number density in log scale, log 10 N , for the case of strong symmetric pump and control laser fields ( p = c = 15γ ac ) with initial conditionρ bb (0) =ρ cc (0) = 0.5 at k 0 r = 25 (corresponds to r 2268 nm). The metallic nanoparticle radius is a = 50 nm and the quantum particle radius is b = 134 nm. SPR is not considered here (ω ac = ω SP R ). All other parameters are the same as in Fig. 2. whereas the condition r b is fulfilled by setting k 0 r = 25 in Fig. 8 , which corresponds to r 2268 nm.
We show in Fig. 8 for the case of strong symmetric laser fields without SPR the variation of the x-component Stokes spectra across the range of number densities 10 20 m −3 < N < 10 28 m −3 . We observe from Fig. 8 that the Mollow triplets become sharper and narrower at higher number density. This is due to the collective effect which induces stronger ac Stark shifts on the Stokes and anti-Stokes transition levels. On the other hand, the higher and broader peaks at lower number density show higher efficiency of the photon emission and broader spectral widths of the emitted photons. The spectral positions of the peaks do not change with number densities and similar features are found in all other cases of laser field strengths. Our results (not shown here) also show that the presence of SPR does not affect the variation of the spectra across different number densities.
VIII. CONCLUSIONS
We have studied the spectra of a hybrid nanostructure consisting of a plasmonic metallic nanoparticle and a quantum particle in a four-level double Raman scheme and have seen how the proximity of the metallic nanoparticle can alter the optical properties of the quantum particle. Strong enhancement effects due to the metallic nanoparticle are observed in the spectra where a Fano dip is visible in the central peak, indicating that the quantum (Stokes and/or anti-Stokes) field strength is comparable to or greater than the laser fields. We also observe how the spectra for k 0 r 1 are still affected by the presence of the metallic nanoparticle due to the cavity interference effect which manifests as a long-range interaction. The spectra for a single quantum particle without metallic nanoparticle for all cases of laser strengths can only be reproduced at sufficiently large separation distance k 0 r > 50. The results also show that the spectra are sensitive to the observation angles and where oscillatory behavior is observed and some component will become dominant depending on the observation angle. The limit of long-range interaction may be inferred from the point where the transversality of the fields no longer applies in the spectra versus angles for the three field components. The influence of the metallic nanoparticle becomes even more significant in the presence of surface plasmon resonance, where the interference effect is greatly enhanced, producing stronger oscillatory dependence on the interparticle distance and observation angles. Finally, we show that the number density of the quantum particle plays an important role in controlling the plasmonic effects; that is, higher number density leads to stronger enhancement of the quantum fields. Here we show that dipole approximation is valid when the size a of the metallic particle is much smaller than the interparticle separation r, i.e., a r. In order to show this we first have to derive the scattered electric field from a metallic nanoparticle of size a and dielectric function ε m (ω) in a surrounding medium with dielectric constant ε b . We use the quasistatic approximation valid for a λ; i.e., the nanoparticle is much smaller than the wavelength of light (dimensions below 100 nm) so that we can assume a simplified problem of a particle in an electrostatic field. The harmonic time dependence can be added to the expression of the electric field later [52] .
We consider a system which consists of a homogeneous, isotropic spherical metallic particle of radius a located at the origin interacting with a uniform electrostatic field with field lines parallel to the z direction E 0 = E 0ẑ . The general solution for the Laplace equation ∇ 2 = 0 is given by [38] (r,θ )
due to the azimuthal symmetry of the problem. Here, the angle θ is the angle between z axis and r = rn. The requirement that the potentials remain finite at origin leads to solutions
where in and out are the potentials inside and outside the particle volume, respectively. Expansion of the potentials up to l = 1 corresponds to dipole approximation. The rest are l = 2 (quadrupole), l = 3 (octupole), l = 4 (hexadecapole), etc. We derive first the potentials for the dipole field. First of all we expand Eqs. (A2) and (A3) up to only l=1. Then, from the boundary condition out → −E 0 z = −E 0 r cos θ as r → ∞, we get B 0 = 0, B 1 = −E 0 . Here, A 0 and B 0 are arbitrary constants which we set A 0 = B 0 = 0. Their values will not affect the results for the field. Applying the continuity condition for the tangential component,
we get
since A 0 = 0, C 0 = 0. Next, we apply the continuity of normal components
and get
With all the unknowns found we can now write down the potentials as 
By introducing the dipole moment
where K = 
We are only interested in out as it is needed to obtain the analytical expression for the scattered electric field outside the 
We repeat the steps above for quadrupole (l = 2), octupole (l = 3), and hexadecapole (l = 4) and find the expressions for the scattered electric fields as whereas the field at the QP isÊ 
we may then simplify Eq. (A27) tô carries the effect of interparticle distance on the validity of dipole approximation. We can see that the dipole approximation is reasonable when the interparticle distance is much larger compared to MP size r a as this causes the first term with n = 1 (dipole) to become dominant. When the interparticle distance is comparable to the size of the MP, r ∼ a, the terms with n > 1 (multipoles) become significant.
APPENDIX B: EXACT NUMERICAL SOLUTIONS FOR FOUR-LEVEL DOUBLE RAMAN SCHEME
In the evaluation of the dielectric function of the QP in Eq. , where ν k and V are the mode frequency and quantization volume, respectively. The k and λ here are respectively the wave vector and polarization associated with the harmonic oscillators which represent the reservoirs (environment) in the Langevin formalism. ν i (i = p,c,s,a) is the (pump, control, Stokes, and anti-Stokes) field frequency and k i is the associated wave vector. We solve the von Neumann equation 
